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Abstract 

Dual PfafT equations (of the form — 0, D° some vector fields of 
degree —1) preserved by the exceptional infinite-dimensional simple Lie 
superalgebras ts[e(5|10), o[e(3|6) and mb(3|8) are constructed, yielding 
an intrinsic geometric definition of these algebras. This leads to condi- 
tions on the vector fields, which are solved explicitly. Expressions for 
preserved differential form equations (Pfaff equations), brackets (sim- 
ilar to contact brackets) and tensor modules are written down. The 
analogous construction for the contact superalgebra 6(1 [m) (a.k.a. the 
centerless N = m superconformal algebra) is reviewed. 



1 Introduction 



The simple Lie algebras of vector fields (v.f.) were classified by Cartan in 
1909 Q. The classification consists of the four infinite series: 

Dect(n) general v.f. in n dimensions, 

st3ect(n) divergence-free v.f., 

[)(n) Hamiltonian v.f (n even), 

5(n) contact v.f. (n odd). 

The corresponding problem in the super case was only recently settled |5|, 
|13|, 0, building on earher work in ||, |, |, |, 0, 0, |T|, 0, |l5|, |l§ . The 
classification consists of ten infinite series: 



Vect{n\m) 


arbitrary v.f. in n\m dimensions. 


5Dect(n m) 


divergence- free v.f., 


[)(n m) 


Hamiltonian v.f. (n even), 


k{n) 


odd Hamiltonian or Leitesian v.f. C deci(n n 


5k{n) 


divergence free Leitesian v.f., 


i{n\m) 


contact v.f. (n odd). 


to(n) 


odd contact v.f. C Dect(n n -|- 1), 




a deformation of div-free odd contact v.f.. 


sk{n) 


a deformation of sle(n). 


sJo(n) 


a deformation of sto{n). 



A geometric way to describe these algebras is by stating what structures 
they preserve, or what other conditions the vector fields obey: 



Algebra 


Basis 


Description/structure preserved 


Dect(n m) 






5Dect(n m) 




vol 


f)(n m) 




LOijdu'du^ + gabde^de'' 


k{n) 




du^dOi 


5k{n) 




du^dOi, vol 


t(n -|- I m) 


t,u\6'' 


dt + LOiju'du^ + QabO^de^ = 


to{n) 


T, u\ei 


dr + u'dOi + Oidu' = 




T, u\ei 


Mf G to{n) : div/jM/ = 


5k{n) 


u\e. 


(l + 0i..0„)X,X Gs[e(n) 


sto(n) 


T, u\ei 


{l + ei..9n)X,X Gsfi0n+2(n) 

n. 



(LI) 



In this table, denotes bosonic variables, 0" and 6i fermionic variables, 
and t (r) is an extra bosonic (fermionic) variable. The indices range over the 
dimensions indicated: i = 1, n and a = 1, m. Uij = —oJji and gah = 9ha 
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are structure constants. The notation a = implies that it is this Pfaff 
equation that is preserved, not the form a itself; a vector field X = Xf^{x)dfj, 
acts on a as CxOi = fxOi, fx some polynomial function, vol denotes the 
volume form; vector fields preserving vol satisfy div X = {—)-^^~^^^dfj_X^ = 0. 

is a deformed divergence. 

In addition, there exist five exceptional algebras, all discovered by Shchep- 
ochkina [|l5|,|l|,0: das(4|4), te[e(5|10), d[e(3|6), mb(3|8), and tas(l|6); the 



last case was independently found by Cheng and Kac y] . Here the numbers 
indicate the super-dimension of the space on which the algebras are realized. 
In fact, all these algebras except Dos(4|4) have several regradings, i.e. they 
can be realized on spaces of different super-dimensions. I will always pick 
the consistent grading, i.e. the Z-grading where even subspaces are purely 
bosonic and odd subspaces purely fermionic. 

In the mathematics literature, the exceptional Lie superalgebras are de- 
scribed in terms of Cartan prolongation. Unfortunately, this method is 
defined recursively in a way which does not exhibit the geometric content. 
The purpose of the present paper is to describe the structures preserved by 
three of the four consistently graded exceptions. Conversely, knowledge of 
these structures gives an intrinsic geometric definition of the algebras them- 
selves. I also write down explicit equations satisfied by the vector fields 
in these algebras, give general solutions to these equations, explicitly write 
down the brackets (analogous to Poisson or contact brackets), and construct 



the tensor modules. This is listed as the first open problem in |17]. The 
present paper also gives a partial answer to the third item in Kac' vision list 
for the new millenium |^. 

Let Q C vect{n\m) be an algebra of polynomial vector fields acting on 
C"!*". It has a Weisfeiler Z-grading of depth d if it can be written as 

= + ••• + 0-1 + 00 + 01 + 

where the subspace consists of vector fields that are homogeneous of 
degree fc, go acts irreducibly on g_i, and g_/c = g^^^. However, it is not the 
usual kind of homogeneity, because we do not assume that all directions are 
equivalent. Denote the coordinates of n|m-dimensional superspace by 
and let be the corresponding derivatives. Then we define the grading by 
introducing positive integers such that degx'' = and deg9^ = —2:^. 
The operator which computes the Weisfeiler grading is Z = Zfj,x>^dfj,, 
and Qk is the subspace of vector fields X satisfying [Z, X] = kX. If we only 
considered g as a graded vector space, we could of course make any choice of 
integers z^, but we also want g to be graded as a Lie algebra: [g?,, 0j] = Qi+j- 
The depth d is identified with the maximal z^. We write g_ = g_d + ... + g_i 
and g+ = gi + g2 + g- is a nilpotent superalgebra and a go module. 
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Cartan prolongation is defined as follows: 

1. Start with a realization for the non-positive part go x S- of in n|m- 
dimensional superspace. 

2. Define Qk recursively for positive k as the maximal subspace of t)ect(n|m) 
satisfying [f|fc,0-i] C Qk-i- 

In this paper I will use the following alternative method to construct the 
prolong: 

1. Again start with a realization for go x 0-- 

2. Determine the set of structures preserved by this algebra. 

3. Define the Cartan prolong = (0-d, 0-i, 0o)* = (0-,0o)*, as the 
full subalgebra of dect(n|m) preserving the same structures. 

Clearly, the set of vector fields that preserve some structures automati- 
cally define a subalgebra of t)cct(n|m), so the problem is to find the right 
set. If the conditions imposed are too strong, the solution may be a finite- 
dimensional algebra, and if they are too weak, the resulting algebra may 
not be simple. In analogy with the known cases listed above, it is natu- 
ral to assume that such a structure is either some differential form, or an 
equation satisfied by forms (Pfaff equation) , or a system of Pfaff equations. 
However, although such Pfaff equations can be constructed (and are so in 
this paper), it is simpler to consider the set of dual Pfaff equations, which 
are of the form D"^ = 0, where is some vector field in t)cct(n|m) of de- 
gree — 1 (necessarily not in 0). Denote the space spanned by such D°- by 
0-1 C t)ect(n|m). We have [Z, D"] = -D" and [D"-, D''] = for all D" C 0_i. 
Since Q-k = 0^i, this implies [0-i,0-fc] = 0. Moreover, defining 0_fc = 0^^^ 
and 0_ = 0_fc, we see that [0_, 0_] = 0, so 0_ and 0_ form two commut- 
ing subalgebras of t)ect(n|m). At least in all cases considered in this paper, 
these two subalgebras are isomorphic nilpotent algebras. Now define the 
prolong = {X G oect(n|m) : [D'^,X] = fl^D^'}, for each D°- G 0_i, where 
are some polynomial functions, depending on X. 

To see that the second definition implies the first, let D G 0_i and X G 
0fe. Y = [D,X] satisfies [L>",y] = [D'',[D,X]] = X]] = [D,f^]D\ 

so F G 0fc_i and [0-i,0fe] C Qk-i- 

Vector fields that preserve the dual Pfaff equation 0_i = must also 
preserve the higher order equations 0_2 = and, for mb(3|8), 0_3 = 0. 
This gives rise to further conditions obeyed by the vector fields, but these 
additional relations arc identities which follow from 0_i = 0. A new feature 
in the exceptions is the appearance of certain symmetry conditions. These 
are genuinely new constraints which have no counterpart in the contact 
algebra. 
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The algebras under consideration in this paper have the following de- 
scription as Cartan prolongs: 



es[e(5|10) = (5,5*A5*,s/(5))*, 
0le(3|6) = {3M 1,3* M 2, sl{3)(Bsl{2)®gl{l))*, 
mb(3|8) = {lM2,3mi,3*M2,sl{3)®sl{2)®gl{l))^, 
tos(l|6) C «(1|6) = (1,6,50(6)85/(1))*. 

Here K denotes the smash product, n is the n-dimensional representation of 
sl{n) or so{n) and n* its dual. In addition, I apply the same technique to 
construct the contact algebras t(l|m) = (1, m, so{m)®gl{l))^. Although the 
results for the contact algebras are not new, they are of interest for several 
reasons: 

1. fa[e(5|10), d[e(3|6) and mb(3|8) are conceptually similar to i{l\m), al- 
beit more complicated, so this is a good place to develop the machinery 
necessary for the exceptions. 

2. The exception tas(l|6) is a subalgebra of €(1|6), so Jos(l|6) satisfies 
the conditions described in section 2, together with some additional 
relations. 

3. t(l|m) is consistently graded. In fact, the only simple Lie superalge- 
bras with consistent gradings are t(l|m), fe[e(5|10), Dle(3|6), mb(3|8) 
and tos(l|6) The present paper thus describes every consistently 
graded simple Lie superalgebra, although no significant results are ob- 
tained for tas(l|6). 

4. For small values of m, the Laurent polynomial version of t(l|m) has 
a central extension, known in physics as the N = m superconformal 
algebra. The exceptional algebras do not admit central extensions, but 
being subalgebras of Dect(n|m) they clearly have non-central Virasoro- 
like extensions. 

For D[e(3|6) and mb(3|8), the degree zero subalgebra go = si (3) (B si (2) (B 
gl{l), i.e. the non-compact form of the symmetries of the standard model 
in particle physics. This suggests that these algebras may have important 
applications to physics |^, |l^Q. To my knowledge, this is the only place 
where the standard model algebra arises naturally and unambigously in a 
mathematically deep context. Note that go is not just any subalgebra of 
g, but that g is completely determined by go x g-. Moreover, there is a 
1-1 correspondence between go and g irreps. E.g., the t)ect(n) = {n,gl{n))^ 
modules are tensor fields and closed forms, corresponding to gl{n) tensors. 

^ Note that the definition of mb(3|8) in ||l^ is flawed. 



5 



Therefore, one may speculate that a g symmetry may be mistaken experi- 
mentally for a 00 symmetry. 

Throughout this paper I use tensor calculus notation. denotes a 
contravariant vector and Bj a covariant vector. Repeated indices, one up and 
one down, are implicitly summed over (Einstein convention). Derivatives 
are denoted by various types of d's (d, d and 5). e"^, e^^^, e^J'^'™ and ("-^'^'^^f 
denote the totally anti-symmetric constant symbols in C^, C^, and C®, 
respectively. When dealing with the non-positive subalgebra go x fl-j all 
parities are known and it is convenient to explicitly distinguish between 
anti-symmetric (straight) and symmetric (curly) brackets: = — [i?,^] 

and {A,B} = {B^A\. For general vector fields X = X^{x)dfj, (always 
assumed to be homogeneous in parity), the (straight) brackets are graded 
in the usual way: [-^, ^] = —{—)'^'^\Y,X], where the symbol {—)'^ is +1 on 
bosonic components and —1 on fermionic ones. The sign convention is that 
X acts as 



vX; 

(1.3) 



The exceptional algebras are denoted by their names designed by Shchep- 



ochkina |17]. Kac and collaborators instead use the names £^(5|10) = 
«s[e(5|10), £;(3|6) = 0le(3|6), ^(3|8) = mb(3|8), E{\\<o) = «os(l|6), and 
K{l\m) = t(l\m). There are two reasons to choose Shchepochkina's con- 
vention. She was the one who discovered the exceptions, and Kac' no- 
tation does not exhibit the family structure of regradings. E.g., mb(3|8) 
have three regradings (realizations on superspaces of different dimensions): 
mb(3|8)(4|5) : 2, mb(3|8)(5|6) : 2, mb(3|8) : 3, where the number after the 
colon indicates depth. 



2 t{l\m) 

Consider C^'™" with basis spanned by one even coordinate t and m odd 
coordinates 9a, a = l,2,...,m. Let deg^a = 1 and degt = 2. The graded 
Heisenberg algebra has the non-zero relations 

{d-,9,} = Sl [do,t] = l, (2.1) 

where = d/dOa and = d/dt. Introduce an constant metric Qah = 9ba 
with inverse g"'^. The metric and its inverse are used to raise and lower 
indices, so 9°- = g°''^9b and 9a = gab(^'^, etc. 

The contact algebra fi(l|m) is generated by vector fields of the form 

Kf = {2- 9a<f)fdo + {-Ydafd'^ + dof9ad\ (2.2) 
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where / = f{9,t) is a function on C^'"^. These vector fields satisfy the 
algebra [Kf,Kg] = Kjjg]^, where the contact bracket reads 

[/, g]K = (2 - Bad'') f dog - Oof (2 - ead'')g + {-Ydafd'^g. (2.3) 

By expanding f(0, t) in a power series in 9a we obtain more explicit de- 
scriptions of the contact bracket. For small m = 0,1,2,3,4, the resulting 
(Laurent polynomial) algebras are well known in physics, under the names 
center less Virasoro and N = m superconformal algebras, respectively. Note 
that ( |2.3| ) is well defined also for m > 5. 

The non-positive part of t(l|m) C t)ect(l|m) is spanned by the vector 
fields 



deg 


/ 


vector field 


-2 


1 

2 


E = do 


-1 


-Oa 









jab ^ gajb _ Qb^a 





t 


Z = 2tdo + 



(2.4) 



The non-zero bracket in 0_ reads 

{D'',D^} 



-2g''^E. 



(2.5) 



One notes that ( p.5| ) defines a Clifford algebra, with playing the role 
of gamma matrices and E that of the unit operator. The analogous nilpo- 
tent algebras for the exceptions, (|4.4|), ( |5.9| ) and ( |6.4| ), constitute interesting 
generalizations of Clifford algebras. 
A basis for g_i is given by 



(i« + ^"^0 = D'' + 29" do 



which satisfy 



0. 



Any vector field in C'^\'"^ has the form 

X = Qdo + Pad'' = Qdo + Pa5^ 

where 

Q = Q + {-f9''Pa. 



(2.6) 



(2.7) 



(2.^ 



(2.9) 
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X preserves the dual Pfaff equation D"^ = 0, i.e. 
provided that 

D^'Q = 2(-)^P°. 

Compatibihty between 

[E,X]=doQE + doPaD^ 
and ( p^ ) in the form E = ^gabW'', D^}, impUes that 



(2.10) 



(2.11) 



f2.12) 



doQ - -{- fD'^Pa = 0. 
m 



(2.13) 



However, this is an identity which fohows from (2.11) by considering DaD"^Q, 
so no new independent conditions on the vector fields arise. 
The pairing {D°',a) = gives 



a = dt + e^dOa, 



(2.14) 



or more expUcitly a = dt + g'^^OadOb- We now show that a satisfies a Pfaff 
equation: 



C-xOa = Pa, 

Cxt = Q, 

CxdOa = {-)^d^Pad6b + doPadt, 

Cxdt = -{-)^d^Qdeb + doQdt. 



In particular, 



Et = 1, 
DH = -9", 
D'^Oh = 6^, 
J^H = 0, 



Zt = 2t, 



Z 9a — 6a, 



E9a = Edt = Ed9a = 0, 
D'^dt = -d9°-, 
D''d9b = 0, 
J'^'^dt = 0, 

J^^'de, = S^^d9'' - 6^d9\ 
Zdt = 2dt, 
Zd9a = d9a. 



One checks that 



(2.15) 



(2.16) 



J-^^a = D^a = Ea = 0. 



(2.17) 
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Thus the Pfaff equation a = is preserved by £|_ and go and therefore by 
all of €(l|m) C Cect(l|m). 

An explicit calculation yields 

Cxa = doQdt + {-{-)^d^Q + 2P'')d9b. (2.18) 

Since the Pfaff equation a = is preserved, we have Cxa = fa = fdt + 
f0"'d6a for / = OqQ. Substitution into the formula above shows that X 
must satisfy ( 2.11 ). 

More generally, consider C^"^"^'™ with basis spanned by 2n even coor- 
dinates u^, i = 1,2, ...,2n, m odd coordinates 9a, a = 1, 2, m, and one 
additional even coordinate t. Let uJij = —ujji be anti-symmetric structure 
constants and let Qab = 9ba, as before. i{2n + l|m) is the subalgebra of 
dect(2n + l|m) which preserves the Pfaff equation a = 0, where 

a = dt + iOiju'du^ + g^'^OadOb. (2.19) 

Hence £(l|m) has two natural classes of tensor modules, with bases a 
and 7° and module action 

Cxa = doQa, 

(2.20) 

Cx7^ = D-P.j". 

Assuming that a and 7° are fermions, we can now construct the volume 
form = eaia2...am7"^7"^ •••7"'" , transforming as 

Cxv^ = -{-)^b^PaV^. (2.21) 

Since a has degree +2 and has degree — m, the form vi^a^ is invariant, 
which implies the relation ( p. 13 ). For m = 2, the invariant form is the 
volume form and ( p. 13 ) becomes divX = 0. 

From the vector density 7" with weight —1 we can construct a vector 7" 
of zero weight, transforming as 



(2.22) 



CxT = -{-f{D''Pb--6tD'P,)j' 

m 

Hence we obtain the explicit realization 

Cx=X + iDaDhQr' + ^doQZ, (2.23) 
where X acts trivially on 7" and 

jab-c ^ ^ac-b_gbc-a^ 
Z7^ = 0. 



(2.24) 
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Thus .1"'^ and Z generate the Lie algebra 50 = so{m)®gl{^)- However, it is 
clear that Cx will satisfy the same algebra for every representation of go- 
Substitution of irreducible 30 modules into ( |2.23| ) gives the tensor modules 
for t(l|m). In particular, the expressions for go becomes Cjab = J"^ + J""^ , 
Cz = Z + Z, i.e. two commuting copies of go- 

To obtain an explicit expression for the vector fields in ^(l|m), we set 
Q = f{6,u), an arbitrary polynomial function. From ( |2.9| ) and ( |2.11| ) we 
obtain P" = and 

X = ^Kf = fdo + ^{-yD-fDa. (2.25) 
We have = X^j^g^^, where 

[f,gh = fdog - i-y^gdof + \{-yD-fDag. (2.26) 
One checks that this contact bracket is related to (2^) by [/, f?]^ = ^[/, 



3 !a5(l|6) 

t(l|6) contains the exceptional simple subalgebra ?a5(l|6). Clearly every 



vector field in 6a5(l|6) preserves the Pfaff equation ( 2.14 ), but in addition 
there is a condition coming from degree +1. The description here closely 
follows §. 

Let = -e^e^ so Kjat = J"* generate so{m). We have [f\d'']K = 

gbc0a _ gacQb 



[j 



ab ncndnei 



K = g 



be nandne 



(3.1) 



Therefore, = e^'O^e'' + e"^"'^^^ ed9e9f and w^^^ = e''9^9'' - e''^'"^'-f OdOeO f 
transform independently under so(6); recall that the metric gab is used to 
lower indices. Denote the corresponding so(6) modules V+ and respec- 
tively, and let M be the so(6) module corresponding to / = tO"-. €os(l|6) is 
obtained by requiring that gi = M®Vj^ (or equivalently gi = M©l/_). In 
contrast, gi = M ®Vj^®V- for the contact algebra t(l|6). 
The contact vector fields in t(l|m) at degree +1 are 



deg 


/ 




1 
1 


tOa 
—Ga&bdc 


Aa = tOado - tda + 9a0bd^ 

Babe = GaGb^^cdo + ^a^^bdc + Ob^^cda + OcGadb 



(3.2) 



For m = 6, we can define the dual of Babe as 

B^be = '^abedefB'^^^ . (3.3) 

tas(l|6) is obtained by requiring that Babe be self-dual, i.e. Babe = B^^^. 
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A similar construction can be carried out for m = 4; the correspond- 
ing subalgebra of 6(1|4) is finite-dimensional p. The t(l|2n) subspace g„ 
contains two subspaces that are isomorphic as so{2n) modules, but it is not 
possible to eliminate one of them when 2n > 6. 

I have not been able to formulate 6as(l|6) as an algebra of vector fields 
preserving some Pfaff equation or dual Pfaff equation. 

4 !5[e(5|10) 

Let u = (n*) e C^ ^^ = d/du\ i = 1,2,3,4,5. Let ^ = i\u)^^ be a 
divergence-free vector field: = 0, and let uj = ujij{u)du^ /\du^ be a 

closed two-form: ujji = —unj and diujjk + djUJki + dkOJij = 0. fe[e(5|10) has 
generators = Ci{^^) and Q^j = Q^^{uJij). The brackets read 

[c^,gu.] = g^HediiOjk+djeuJik + dkeoj.i), (4.i) 

Consider C^'^'^ with basis spanned by five even coordinates u^, i = 
1,2,3,4,5 and ten odd coordinates 9ij = —Oji. Let deg^jj = 1 and degu* = 
2. The graded Heisenberg algebra has the non-zero relations 

[d„u'] = 5], {d'^Oki} = 6151 - 6i6l (4.2) 

where di = d/du^ and d^^ = —d^^ = d/dOij. The non-positive part of 
tsk(5|10) C Dect(5|10) is spanned by the vector fields 



deg 


vector field 


-2 


Ek = dk 




-1 


Jjkl ^kl l^klnini^ 


'mn'-'t 





Ik = u^di - Oijd^^ - 





(4.3) 



Note that Z = 2u^di + ^9ijd^^ , which is the operator that computes the 
Weisfeiler grading, is not part of go. However, for convenience we will also 
consider the non-simple algebra fe[e(5|10) = (5, 5* A 5*, 5/(5))*, obtained by 
adjoining Z to (|3|). It was shown in that Ysk{5\W) = fe[e(5|10)eCZ. 
The non-zero brackets in g_ read 

{D'^,D''^} = -2e'^''^"'Em. (4.4) 

A basis for 0-i is given by 
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which satisfy 

{D'^,D''^} = 0. 
Any vector field in dect(5|10) has the form 

where the ^ is necessary to avoid double counting and 

X preserves the dual Pfaff equation D''^ = 0, i.e. 

[X,&^] = -^{-f&^PkiD''\ 

provided that 

In particular, we have the symmetry relations 

b'^Q^ = &^Q^ = -&^Q3. 

Compatibility between 

[E,,X]=diQ^Ej + \d^Pjk&'' 
and (|4^) in the form Ei = ^eijkim{D^^ , &"^} , implies that 
^^Q' = \{-)''{&'Pki5l - 2&'^P,k). 

In particular, 

^^Q' - \{-)^&^P^J =diwX = 0. 

However, (4.13) is an identity which follows from (4.10) by considering 
Cijkin.D^'' Q"^ , so no new independent conditions on the vector fields arise. 
The pairing {D^^ , a^) = gives 



(4.6) 

(4.7) 
(4.8) 
(4.9) 
(4.10) 
(4.11) 
(4.12) 

(4.13) 
(4.14) 



We now show that a* satisfies a Pfaff equation: 

C-xOij = Pi 
Cxu' 

Cxddij 

Cxdu' = -U-)^d''^Q'deki + dkQ'du 



(4.15) 



^d''^PiJd9kl + ^kP^jdu\ 



(4.16) 
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In particular, 

Eku' = 5l, Ekdu' = Ek9ij = Ekd9ij = 0, 

D^^Oij = 5^5\ - 5\5^j, D'^^de.j = 0, 

Ifu^ = 5\u^ - ijf^/*, Ifdu' = 6\du^ - yfdu\ (4.17) 

^t^ij — ~ ^j^ii + z^i^ij^ ^i^^^ij — ~^idOij — 6jd6ii + ^5id6ij, 

Zu' = 2u\ Z9ij = 9ij, 

Zdu' = 2du\ Zd9ij = d9ij. 



One checks that 

iia = oia - 



Iia = bia - -Fdia , 



D^^a' = Eta' = 0. 

An exphcit calculation yields 

Cxa' = djQ'du^ + + ^e'^''^PPjk)d9np. (4.19) 

Since the Pfaff equation q* = is preserved, we have JCxOi^ = fjOe^ = 

pjidu^ + \e^^^'^''9kid9mn) for /j = djQ\ Substitution into the formula above 
yields the condition p. 10 ). 

Hence 6s[e(5|10) has two natural classes of tensor modules, with bases 
a* and 7*-' and module action 

_ (4 20) 

Assuming that a* and 7*-' are fermions, we can now construct the volume 
forms Va = a^a^o?a^oc^ and = 7i2-yi3^i4^i5^23^24^25^34^35^45^ trans- 
forming as 

(4.21) 

Since Va has degree +10 and has degree —10, the form VaV^ is invariant, 
which implies the relations (4.14). 

From ( 4.20D we deduce the transformation laws for a scalar density v of 
weight +1, an s/(5) vector a* and an s/(5) bivector 7*-': 

Cxv = ^diQ'v = ^{-f&^Pijv, 

i ^ 4.22 
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Hence we obtain the explicit realization 



X + d.Q'll + ^diQ'Z, 



(4.23) 



where /j and Z generate the Lie algebra go = gl{5) and X commutes with 
go- This expression holds for the non-simple algebra fe[e(5|10); for fo[e(5|10) 
Z = 0. By introducing canonical conjugate oscillators and v*, subject 
to the Heisenberg algebra [aTjO;-'] = dj, [v*,v] = 1, we obtain the explicit 
expression for the go generators: /j = a^a* — ^(5*a^Q;^ and Z = vv*. How- 
ever, it is clear that Cx will satisfy the same algebra for every representation 
of gl{5). Substitution of irreducible go modules into ( [4.23| ) gives the ten- 
sor modules for fe[e(5|10). In particular, the expressions for go become 

Cp = I] + I], Cz = Z + Z^ i.e. two commuting copies of go- 

j J J 

To obtain an explicit expression for the vector fields in 6s[e(5|10), we set 
= f^(9,u), five arbitrary polynomial functions. From ( |4.8D and ( |4.1C| ) we 
obtain Pij = j^i')^ ^ijkimD^^ and 

X = Uf = fd, + ^{-)fe,^kim&'f''&'^, (4.24) 

where / = f^{6,u)di is a vector field acting on C^'^'^ and {—)-^ = +1 if / 
is an even vector field, i.e. /* is an even function. Due to the symmetry 
condition ( 4.11 ), the components /* are not independent, but subject to the 
relation 

This condition may alternatively be written as 2D'^ f = D^'^f + D^^fK 
There is one additional relation, which singles out 65[e(5|10) C fe[e(5|10): 

diQ^ = ^ dip = 0. (4.26) 



This extra condition is clearly satisfied by all operators in ( [4. 3D , except for 
Z. 

A fe[e(5|10) bracket is defined by [C/j,C/g] = where 

-i-r^'Hf^nmD''^9''D^'f%^ (4-27) 

ttP J_ ]_ qrstp 
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Finally we list the vector fields / and Uf for go x fl-: 



deg 


/ 


Uf 


-2 


di 




-1 


















z 



(4.28) 



Other vector fields / of non-positive degree are not compatible with the 
symmetry conditio n ([4.25| ). Clearly, the vector field corresponding to Uf = 
Z does not satisfy ( 4.26|) . 



5 o[e(3|6) 

Let u = {u') e C^, i = 1,2,3. Let ^ = C{u)d/dv} be a vector field, let 
X = X^{u)T^ be an s/(2)-valued current, and let uj = ujia{u)du'^dz°' be a 
C^-valued one-form. Here T^} G sl{2): [T^^.T^] = 6^T^ - 6^T§, and = 0. 
d[e(3|6) has generators = ), Jx = Jai^b) ^nd Q^j = Q'^ii^ia), and 
the brackets read p 

[C^,Jx\ = JiX = j'a{ediXi), 

[Jx, Jy] = J[X,Y] = JaO^c^b - ^c^b), 

[Jx,g.] = Q'^ix'^u^.b), 



(5.1) 



In this and the next section we use some special relations valid in two 
dimensions only: 

la Mb 1 1 



h jjb 



+ e 



9a = <^ab(P , 



0, 



Our convention is e 
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€21 = +1, e = ei2 = —1- The constants 
eab can be used to raise and lower sl{2) indices. 

Consider C^'^ with basis spanned by three even coordinates u^, i - 
and six odd coordinates 6ia- Let deg^ja = 1 and degn* = 2. The 
Heisenberg algebra has the non-zero relations 



[dj,u' 



6' 



{d'^,ejb} = d]6i, 



(5.2) 
(5.3) 
(5.4) 
(5.5) 
(5.6) 

s"-^ and 

= 1,2,3 
graded 

(5.7) 
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where di = d/du^ and d*" = d/dOia- The non-positive part of t)[c(3|6) C 
t)ect(3|6) is spanned by the vector fields 



deg 



vector field 



The non-zero brackets in g_ are 

{D'"',D^^} = -2e'^^€'^Ek. 
A basis for 5_i is given by 

which satisfy 

{D^^.b'J^} = 0. 
Any vector field in t)cct(3|6) has the form 

X = Q% + Pi„cf " = Q% + Pia&\ 

where 

X preserves the dual Pfaff equation D*" = 0, i.e. 
provided that 

In particular, we have the symmetry relations 

Compatibility between 

[E„X] = ^,Q^Ej+^^Pjb&^ 



(5.8) 



(5.9) 
(5.10) 

(5.11) 

(5.12) 



(5.13) 
(5.14) 
(5.15) 
(5.16) 
(5.17) 
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and ( 5.11 ) in the form Ei = ^eijkeab{D^°' , D^^}, implies that 

W = \{-)''{&''PkJl - &''P^a)■ (5.18) 

In particular, 

9iQ^-(-)^5*"Pia = divX = 0. (5.19) 

However, ( ^.18 ) is an identity which follows from ( ^.15 ) by considering 
eijieabD^°'D^^Q^ , so no new independent conditions on the vector fields arise. 
The pairing a-') = gives 

a' = du' - e'^^9^d9ka. (5.20) 

We now show that a' satisfies a Pfaff equation: 



^x9ia — Piaj 
CxdOia = {-)^d^^Piadejb + djPiadu^, 

Cxdu' = -{-)^d^^Q'dejb + djQ'du^. 



In particular. 



Eku' = 






Ekdu^ = 


- EkOia — EkdOia — 




Mine 

- -e Ui, 




D^^du' 










D^'dOia 


= 0, 


Ifu' = 


^i^' - -A 




Ifdu' = 


Sfdu'' - ldfdu\ 








ifdOia - 


= -S^dOia + AdBia, 


= 


0, 




J^^du^ = 


0, 


Jd^ia = 


= -SlOid + 




JddOia = 


= —d^dOid + ^S';j^d9ia, 


Zu' = 


2u\ 




Zdu^ = 


2du\ 


ZOia = 






ZdOia = 


dOia- 



(5.21) 



(5.22) 



One checks that 

Za' = 2a\ (5.23) 
J^a' = D^^a' = Ektti = 0. 

An explicit calculation yields 

Cxa' = djQ'du^ + (-(-)^d'^Q^ - 2i^i Pf)deib. (5.24) 
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Since the Pfaff equation a* = is preserved, we have £xa* = /ja-? = 

fj{du^ — e^^^O'^dOia) for /j = djQ^. Substitution into the formula above 
yields the conditions ( ^.15| ). 

Hence Dle(3|6) has two natural classes of tensor modules, with bases a* 
and 7*" and module action 

Cxa' = diQ'a^, 

(5.25) 

Assuming that a* and 7*" are formions, we can now construct the volume 
forms Va = eijka'-a^a'' and v-y = eijk<^imn^ad<^be^cf'l''"'l^^l^''l^'^'l'^''l''^ 1 trans- 
forming as 



(5.26) 



Since Va has degree +6 and has degree —6, the form VaV^y is invariant, 
which implies the relation ( 5.19| ). 

From ( 5.26D we deduce the transformation laws for a scalar density v of 
weight +1, an sl{3) vector a* and an sl{3)(Bsl{2) vector 7*": 



Cxv = ldiQ'v = l{-)''&^PaV, 
Cxf"" = l{-f{6';6iD'^''Pkc-(i&''P,bW- 



(5.27) 



(5.29) 



I have not obtained any explicit expression for an sl{2) vector but in 
view of ( ^.27 ) it is natural to assume that it transforms as 

^xP" = iH^'id^&^Pic - 2&''Pi,)p\ (5.28) 

Hence we obtain the explicit realization 

Cx = X + l{-f&'^P,,{-3^l-25lJl + 5l^Z) 
= X + djQ'ii - \[-)^&''P^,jl + \diQ'Z, 

where Ij, and Z generate the Lie algebra Qq = sl{'3i) ® sl{2) ® gl{\) and 
X commutes with go- Note that the term multiplying is somewhat un- 
certain, since (|5.2^ ) is a conjecture. By introducing canonical conjugate 
oscillators a*, j3* and f*, subject to the Heisenberg algebra [a*, a-'] = 5^, 
= 5^, [w*, f] = 1, we obtain the explicit expression for the go gener- 
ators: 1] = a' a* - l^ia^al, = - ^S^P^P* and Z = vv*. However, 
it is clear that Cx will satisfy the same algebra for every representation of 
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sl{3)(Bsl{2)(Bgl{l). Substitution of irreducible go modules into ( |5.29| ) gives 
the tensor modules for D[e(3|6). In particular, the expressions for go become 
Cji =1^ + 7*, Cja = -\- and Cz = Z + i.e. two commuting copies 

j J J b 

of go- 
To obtain an explicit expression for the vector fields in Dle(3|6), we set 
= P{G,u), three arbitrary polynomial functions. From ( ^.131) and ( ^.15| ) 

we obtain = -\{-)^ e^jk^" and 

X = Vf = fd, - \{-)fe,,kDif&\ (5.30) 

where / = /*(^, u)di is a vector field acting on C^'^ and (— )-^ = +1 if / is an 
even vector field, i.e. /* is an even function. Due to the symmetry condition 
(|5.1(]| ), the components /* are not independent, but subject to the relation 

Jjiajj ^ (5.31) 
A d(e(3|6) bracket is defined by [Vj, Vg] = We find 

+(-)//f-|^,5-/^5^ff'9„ - {-)f^^3H^^^^&'^g^bif'd^, 

Trm 1 rm , 1 rm , 1 rm /r oo^ 

^ik\jl = I^ikjOi + jQeijidk + i^f-jklOi ■ (5.32) 
Finally we list the vector fields / and Vf for go x g-: 



deg 


/ 




-2 




Ei 


-1 




jjia 





yiQ. _ lu^dkS] - e^^'e'^Okadi 


P- 

J 





e''''9t0jbdk 


ja 





2u'di 


z 



(5.33) 



Other vector fields / of non-positive degree are not compatible with the 
symmetry condition ( |5.31| ). 

6 mb(3|8) 

Let u = {u') e C^, i = 1,2,3, and let z = {z") G C^, a = 1,2. Let ^ = 
C{u)d/du^ be a vector field, let X = X^{u)T^ be an s?(2)-valued current, 
let oj = uja{u)d/du''dz"' be a C^-valued vector field, and let a = a°-{u)d/dz"- 
be a C^-valued function. Here G s/(2): [T^,Tf\ = 51T^ - 6^T§, and 
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= 0. mb(3|8) has generators = Jx = Jai^^), = K) 

and Sa = Sa{(y"')- The brackets read 



['-£,^'-"n\ 


= = ^k{^ Oil] - ij^djC ), 




= J^X = JaiCdiXj}), 


[Jx,Jy] 








[A, 5.] 




[Jx,Quj\ 




[Jx,S,\ 


= -SaiX^), 


{Glu, 0v} 


= 0, 






{So-, Sr} 


= i^\abC^{^^<y''^,T'^). 



(6.1) 



Consider C'^'^ with basis spanned by three even coordinates u*, i = 1,2, 3, 
six odd coordinates 6ia, and two more odd coordinates Let deg^j^ = 1, 
degu* = 2 and deg"!?" = 3. The graded Heisenberg algebra has the non-zero 
relations 



5], {d'\9,,} = 5]5t. 



(6.2) 



where di = d/du^, d*" = d/dOia, and = d/d-da- The non-positive part of 
mb(3|8) C dect(3|8) is spanned by the vector fields 



deg 



vector field 



Fa = ^a 

Ei = di + Of da 



It 



Z = M'^da + 2u^di + Oiad'^ 



The non-zero brackets in 0_ are 

{D''',D^''} 



-26] F"". 



(6.3) 



(6.4) 



To verify these brackets one must make use of ( |5.6| ), and the Jacobi identity 
{{D'"-, Di''}, D^"} + cyclic = requires (W^. 
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A basis for g_i (BQ-2 is given by 
Ei = di — 9'^(5a, 

which satisfy 

{D'", D^^} = [D'", Ej] = [D'", Ej] = 0. 
Any vector field in t)eci(3|8) has the form 

where 

w = w + {-)^e'iQ^ + 2e'^^e'ie]Pkb-u'p^ 

X preserves the dual Pfaff equation D*" = 0, i.e. 

= -{-)^&''Pjb&\ 

provided that 

b'^Q^ = 6{-fe'^''P^, 
In particular, we have the symmetry relations 



Compatibility between 

[E,,X] = {EiR' + 2P^)Fa + EiQ^E, + EiPjb&^ 
and (|6l^) in the form Ei = ^eijkeab{D^°- , D^^}, implies that 
EiR" = -2P^, 

In particular, 

W = {-fD'^'Pia. 
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Hence (6.12) can be written as 

[EuX] = \{-)^{&-p^,E, - &^P^aEj) + EiP,h&K (6.15) 

However, ( |6.13| ) are identities which follow from (6.10) by considering 
f-iji^abD^"" D^^^Q^ and eijkeabE)^"' D^^ ^ so no new independent conditions on 
the vector fields arise. 

Since mb(3|8) is of depth 3, there are further relations. Compatibility 
between 



[Fa, X] = daR'^Fb + WE, + daPjbD^' 



(6.16) 



and dU) in the form F"" = ^[D''',Ei] leads to 

{-)''6lEa - DlPt. 
In view of (l6l^ ), this means in particular 



(6.17) 



(6.18) 



Also (|6.17 ) are identities which follow from (|6.6|) , (|6.10| ) and (|6.13|) , so no 
further independent conditions on the vector fields arise. 
The pairings {&'',a^) = {&'',j3^) = give 



(6.19) 



a' = 






= 


d^" - u'det + etdu' + 2e'^''0tl 


9jd9kb- 


show that a* 


and P"" satisfy Pfaff equations: 




^xOia = 


p. 




Cxu' = 


Q\ 




Cxr = 






^xdOia = 


i-fd^'Piadejb + djPiadu^ + (- 


-)''dbPiad^' 


Cxdu' = 


-{-)^d^''Q'dejb + djQ'du^ - (- 


-)^Wd'd^ 


Cxd^" = 


{-)^d^^R''d9jh + djR^du^ + (- 


)^W'"d^\ 



(6.20) 
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In particular, 



Fed" = 5^, Fcdd" = 0, 

FAa = F^dOia = 0, F^u^ = FM = 0, 

Ek'&'' = ei, Ekdd'' = del, 

EkU^ = 61 Ekdu' = 0, 

EkOia = 0, EkdOia = 0, 

j^kc^a ^ ^kijQcga ^ca^k D'^'^d'O" = e^'Hefde", + OfdO'}) + e™dn'=, 

jjkc^i ^ ^^ikiQc^ D^^du' = 3e'''^def, 

If'd" = 0, Ifd'd'' = 0, (6.21) 

ifGia = —SfOia + ^6f9ia, ifdOia = —5^d6la + \6fd9ia, 

= 0, J^du' = 0, 

Jd^ia = —Sa^id + ^^d^ia, Jd'^Oia = —^adOid + ^S^dOia, 

Z'd" = 31?'^, Zdd'' = 3d??", 

Zu' = 2u\ Zdu' = 2du\ 

ZOia = Qiai ZdOia = dOia- 

One checks that 

Ifa^ = 5\a'' - i<5f a*, if 13'' = 0, 

Za' = 2a\ = 3/3'^, 

D^^a^ = Eua' = F^a^ = 0, L>^^/3" = = FdS" = 0. 



(6.22) 



Thus the systems of Pfaff equations = and a* = Z?*^ = are preserved 
by g„ and go and therefore by all of mb(3[8). A long calculation gives 

Cxa' = EjQ'a^ daQ'P'', 

CxP^ = (-)^^fei^"/3^ 

provided that the conditions (|6.10D and ( 6.13| ) hold. 

Hence mb(3|8) has three natural classes of tensor modules, with bases 
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a*, /3" and 7*"^, and module action 



Lxa' = EjQ'a^ Wfi\ 

Cx(3'' = (-)^g^,^'^/3^ (6.24) 

One notes that the homogeneous part of the first equation must define a 
module action by itself, since /?" transforms homogeneously. Hence we set 

Cxa' = EjQ'aK (6.25) 

Let us assume that a* and are fermionic. The volume forms Va = a^oP'Oi^ , 
vp = and = 7^1712^21^22^31^32 transform as 

Cxvp = i-fdaR'^vp, (6.26) 

CxV^ = D^'PiaV^. 

Since Va and vp have degree +6 each, and u-y has degree —6, the forms VaV-^ 
and vpVr^ are invariant, which implies the relations ( |6.18| ). 

From ( 6.241) we deduce the transformation laws for a scalar density v of 
weight +1, an sl{2>) vector a*, an sl{2) vector ^"-^ and an sZ(3)©sZ(2) vector 



(6.27) 



= (-)^(g,ii-- l<5«g,i^-)^^ 

^xf" = l{-f{6]6-,D>''Pkc-6&''Pjb)f''. 
Hence we obtain the explicit realization 

Cx = X + l{-f&-P,,{-36'ji-25ij', + 6l6'J) 
= X + EjQ'li + i-fdhR^Ja + IWZ, 



(6.28) 



where /j, and Z generate the Lie algebra go = s/(3)©s/(2)©5(/(l) and X 
commutes with go- By introducing canonical conjugate oscillators a*, (3* and 
V*, subject to the Heisenberg algebra [a*,a-5'] = Sj, = 6^, [v*,v] = 1, 

we obtain the explicit expression for the go generators: /j = a*Q* — ^6ja^a^, 
Jb = P"'Pb ~ h^W'^l^l a-iid Z = vv*. However, it is clear that Cx wiU satisfy 
the same algebra for every representation of sl{3)(Bsl{2)(Bgl{l) ■ Substitution 
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of irreducible go rnodules into (6.28) gives the tensor modules for mb(3|8). 



In particular, the expressions for go become Cp = Ij + Ij, Cj^ = + 

and Cz = Z -\- i.e. two commuting copies of go. 

To obtain an explicit expression for the vector fields in mb(3|8), we set 
j^a _ f"-(j)^u^'{}^^ two arbitrary polynomial functions. From ( |6.8| ) and ( |6.10 ) 
we obtain 



(6.29) 



4* 
J_ 

48 ""^J* 

i.e. 

X = Mf = r^a + \{-y&''faEi + ^eijkDi&'h&\ (6.30) 

where / = f"'{6,u,'d)da is a vector field acting on C^'* and {—)-^ = +1 if 
/ is an even vector field, i.e. f"" is an odd function. Due to the symmetry 



condition ( 6.11 ), the components /" are not independent, but subject to the 
relations 

j^b J^^^ 

~. ~. (6-31) 



mb(3|8) contains an i3[e(3|6) subalgebra. We see from (6.23) that if 



SfeQ" = 0, then the Pfaff equation a* = is preserved, not just the combined 
Pfaff equations a* = = 0. This condition defines a subalgebra since ad- 
ditional structure is preserved. and Pia can now be expressed in terms 
of three "iJ-independent functions 

ne,u) = \{-)''&'^fa{e,u,^), (6.32) 

as = f and P°- = ^eijk&^f. It is clear from (jH^) that when Q' and 
Pia do not depend on the bracket between two vector fields is completely 
determined by the part X' = Q^di + PiaD^"", and hence the subalgebra is 
ti[e(3|6). Note that still depends on t?, in the way specified by (|6.32|) . 
An mb(3|8) bracket is defined by [Mf,Mg] = My^g^^^. We find 

[f,9U = rdag%-{-y'9%rsa 

+6,fc,F^,,5-5'=7,5^Vge (6.33) 

Habd = ~^^ab^e ~ M^bd^t.- 
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Finally we list some of the vector fields / and Mj for go ^ 5-^ 



deg 


/ 


Mf 


-3 




Fa 


-2 




Ei 


-1 











z 



To compute the vector fields / which correspond to Ij and is quite tedious 
and has not been attempted. However, since e^-^'^OjOka = it is clear that 
Mj = Ij for / some linear combination of u^6j(5a and e'^''''9j6f^a(^i^bi and 
Mf = for / some linear combination of iJ^Sb, u^Of^h and e^^^O'^Oi^jO'fpc', the 
right combinations are found by demanding that the symmetry conditions 
( 6.31| ) hold. Other vector fields of non-positive degree are not compatible 
with ( |63l| ). 
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